Cash management is concerned with optimizing costs of short-term cash policies of a company. Different optimization models have been proposed in the literature whose focus has been only placed on a single objective, namely, on minimizing costs. However, cash managers may also be interested in risk associated to cash policies. In this paper, we propose a multi-objective cash management model based on compromise programming that allows cash managers to select the best policies, in terms of cost and risk, according to their risk preferences. The model is illustrated through several examples using real data from an industrial company, alternative cost scenarios and two different measures of risk. As a result, we provide cash managers with a new tool to allow them deciding on the level of risk to take in daily decision-making.
Introduction
Cash flow management is concerned with the efficient use of a company's cash and short-term investments. Decision making in cash flow management focuses on keeping the balance between what the company holds in cash and what has been placed in short-term investments, such as deposit accounts or treasury bills. In other words, cash managers have to make daily decisions about the amount of transactions between cash and any other kind of available liquid assets, resulting in an increase or decrease of the cash level.
The corporate cash management problem (CMP) usually handles two types of assets, namely, cash balance and short-term assets, such as marketable securities or interest bearing accounts. Controlling cash balances usually implies the use of a set of bounds or control limits. For example, a high bound, and a low bound that, when reached, trigger some transaction, i.e., a movement of cash, to restore the balance to a target level. The set of transactions scheduled over a future time horizon is called a policy. Finally, policies are determined by cash management by following a number of simple rules.
A number of cash management models have been proposed to control cash balances based on a set of levels or bounds. A comprehensive review of models, from the first proposals to the most recent contributions, can be found in Gregory (1976) ; Srinivasan and Kim (1986) and da Costa Moraes et al (2015) . The CMP was first proposed from an inventory control point of view by Baumol (1952) in a deterministic way. Later on, Miller and Orr (1966) followed a stochastic approach assuming that cash balance changes are totally random. From these two seminal works many other models were developed, each one focusing on a particular dimension of the problem. While Girgis (1968) considered continuous net cash flows with both fixed and linear transaction costs, Eppen and Fama (1969) focused on discrete net cash flows with only variable transaction costs. The use of forecasts in the corporate cash management problem was first introduced by Stone (1972) as a way of smoothing cash flows. More recently, Gormley and Meade (2007) claimed the utility of cash flow forecasts in the cash management problem. However, the focus has been only placed on minimizing costs.
Since the CMP can also be viewed as a sequential decision-making problem with a set of cash balances, a probability density function of cash flows, a set of transactions and an objective function. This leads to a dynamic programming approach initially proposed by Eppen and Fama (1969) and Neave (1970) and more recently followed by Penttinen (1991) ; Chen and Simchi-Levi (2009) ; Melo and Bilich (2013) . Finally, different strategies such as impulse control techniques in Baccarin (2009) and evolutionary models in da Costa Moraes and Nagano (2014) have been recently used to solve the CMP.
Notice that the particular characteristics of cash flows (or cash balances) are an important dimension of the CMP. In this sense, cash flows representations used in the literature range from deterministic (Baumol, 1952) to complete uncertainty (Miller and Orr, 1966) . The most usual cash flow probability distribution in the literature is the Gaussian in the form of a Wiener process (Baccarin, 2009; Constantinides and Richard, 1978; Premachandra, 2004) . In Penttinen (1991) , a double exponential distribution was considered. However, empirical distributions obtained from real data sets are hardly used with the exception of Gormley and Meade (2007) .
From the practitioner's point of view, several issues arise when dealing with real cash management problems. First, real cash flow data may not fit a theoretical probability distribution. This situation forces cash managers to find alternative ways of eliciting the best cash management policies, for instance, simulation. Second, the focus is typically placed on a single objective, namely, cost. With the exception of Zopounidis (1999), cash management and multi-criteria decisionmaking are not usually linked concepts in the financial literature. However, the analysis of risk of the policies proposed by a cash management model is necessary if an overdraft is meant to be avoided. This kind of analysis is widely used in portfolio selection when high expected returns and low variances are desired objectives (Markowitz, 1952; Ballestero and Romero, 1998; Ballestero and Pla-Santamaria, 2004; Steuer et al, 2007) . Furthermore, risk preferences are also an important issue for decision-makers. In this sense, an example of techniques for approximating the utility optimum when considering risk preferences can be found in Ballestero (1998) . However, the design of cash management models that analyze both cost and risk and that consider the particular risk preferences of cash managers remains a rather unexplored problem.
Against this background, our main contribution is a novel multiobjective cash management model. More precisely, we argue that cost-risk analysis is a suitable management tool for obtaining efficient cash policies for the CMP. Our model is conceived to obtain policies that minimize both cost and risk incorporating the risk preferences of cash managers. Furthermore, it is able to handle empirical cash flow probability distributions. In addition to our model, we provide metrics and graphical tools to characterize cash policies in terms of cost and risk.
To illustrate our model, a real cash flow data set is used to select the best compromise policy in terms of cost and risk by extending the Miller and Orr's cash management model (Miller and Orr, 1966) . We empirically evaluate our cash management model on three alternative scenarios with increasing costs and employing two different risk measures, namely, the standard deviation and the upper semi-deviation of daily cost. Our empirical results show that our model is robust to cost variations and that no difference is observed in the selection of the best compromise policies between the two measures of risk.
Then, in Section 2, the multi-objective cash management problem is defined and details of the proposed approach are given. This approach is later illustrated in Section 3 with a real example using the transaction rules proposed by the Miller and Orr's model, but relaxing most of their assumptions. In addition, a benchmark for alternative cost scenarios is performed and a graphical characterization of cash policies is provided. Finally, we discuss the results derived from a numerical case study.
Formalizing the multi-objective cash management problem
The main objective in managing cash is to keep the amount of available cash as low as possible while still keeping the company operating efficiently. In addition, companies may place idle cash in short-term investments (Ross et al, 2002) . Then, the cash management problem can be viewed as a trade-off between holding and transaction costs. On the one hand, holding costs are usually opportunity costs due to idle cash that could be allocated in alternative investments. Holding too much cash is then inefficient but holding too little may produce high shortage costs. On the other hand, transaction costs are associated to the movement of cash from/into a cash account into/from any other short-term asset available, for example, treasury bills and other marketable securities. Summarizing, if a company tries to keep balances too low, holding cost will be reduced but undesirable situations of shortage will force to sell available marketable securities, hence increasing transaction costs. In contrast, if the balance is too high, low trading costs will be produced due to unexpected cash flow but the company will carry high holding costs because no interest is earned on cash. Therefore, there is a target cash balance which the company must determine.
Consequently, the CMP can be defined as an optimization problem whose goal is to find the best sequence of transactions X = x 1 , x 2 , . . . , x T ∈ R, what is called a policy, that minimizes a cost function C(X, T ) over a time horizon of T days. The CMP is characterized by its particular cost structure. Any ordering transaction into a cash account may have a cost, which may include a fixed part (γ + 0 ) and a variable part (γ + 1 ). On the other hand, a return transaction from a cash account may also have a cost with a fixed part (γ − 0 ) and a variable part (γ − 1 ). Furthermore, at the end of the day, a holding cost v per money unit is charged if a positive cash balance occurs, or a penalty cost u per money unit is charged if a negative cash balance occurs. According to this cost structure, a general daily cost, C t , can be defined as:
where Γ (x t ) is a transfer cost function, x t is the transfer made on day t, L(b t ) is a holding/shortage cost function, and b t is the cash balance at the end of day t, determined by the following continuity function:
being f t the net cash flow at day t. We define the transfer cost function Γ (x t ) as:
Additionally, we express the holding/shortage cost function as:
Under the framework of the aforementioned cost functions, the CMP can be formally defined as a sequential decision-making problem where, given a data set of past cash flows F = f t−n , . . . , f t−1 ∈ R that determines an initial cash balance b t−1 , the goal is to find the policy X * = x t , x t+1 , . . . , x t+T that minimizes the expected daily cost over the time horizon T :
where:
subject to X ∈ S, where each element of X is the decision variable or the transaction made at day t over a time horizon of T days, and S is a set of feasible strategies defined by the constraints of the problem. Note that the net cash flow f t over the time horizon T is unknown, but not its empirical probability distribution given by F .
In the CMP, not only cost but also risk deserves the attention of cash managers. On the one hand, managers can choose the risk that the business takes (Myers and Brealey, 2003) . From that, risk measures are often used as management tool (McNeil et al, 2005) . On the other hand, risk management allows to determine the cash buffer that companies need to hold for precautionary purposes (Ross et al, 2002) . Intuitively, risk is associated to uncertainty, danger, chance of loss or damage. Quantitatively, risk is also linked to the randomness of costs. In the CMP, randomness is introduced by the particular variability of future cash flows that ultimately produces random costs.
The main performance measure in cash management is cost and the goal is to minimize it. But cost is a random variable characterized by its mean and its standard deviation. Consequently, cash managers are interested in minimizing both, the average daily cost as measure of cost and the standard deviation of cost as a measure of risk. The utility of introducing risk in the decision-making process is better understood through the following example. Consider two cash policies, X 1 and X 2 , producing the same average cost µ 1 = µ 2 = 20 money units but with different standard deviations, say, σ 1 = 2 and σ 2 = 10. Assuming normally distributed costs, a rational cash manager must select policy X 1 because of the lower volatility, because of the lower probability that the cost is above a given cost reference. We say, then, that X 2 is a riskier policy than X 1 . Different approaches to measuring risk have been proposed in finance. Historically, variance has been the dominating risk measure in finance (McNeil et al, 2005) due to Mean-Variance portfolio selection model by Markowitz (1952) . Moreover, its simplicity and ease of computation in experimental environments makes variance (and standard deviation) a good risk measure. By using an empirical statistic, no assumption on the underlying probability distribution is required. A common criticism to the use of variances points out that it makes no distinction between positive and negative deviations. Although this fact is only a problem when the cost distribution is asymmetric, it can be solved by using semi-variances or upside/downside deviations as in Ballestero (2005) ; Pla- Santamaria and Bravo (2013) .
In this work, we use the standard deviation (and the upper semi-deviation) to keep unaltered the units of cost and risk. Most of the applied cash management models in the literature consider risk incorporated into the opportunity cost and/or the shortage cost (Penttinen, 1991; Gormley and Meade, 2007; da Costa Moraes and Nagano, 2014) . In this work, we consider these traditional measures of risk but we also add additional criteria such as the standard deviation of the cost associated with cash or the upper semi-deviation. In this way, we reflect other risk definitions that could be relevant to a broader population of decision makers. These supplemental risk measures are cornerstone in finance, but surprisingly, its use is not widespread in cash management. Some relevant works that consider risk as volatility on the topic are Whalen (1966) where the demand of cash is analyzed, Gao et al (2013) when defining the determinants of corporate cash policy and Pinkowitz et al (2016) or Bates et al (2009) that take into account the cash flow volatility when working with industry cash holdings.
In cash management, cost and risk are often desired but conflicting objectives. Cost reductions are achieved by reducing cash balances but, at the same time, the risk of an overdraft is increased. From that, we define the multi-objective cash management problem (MOCMP) as a sequential decision-making problem where, given a set of past cash flows that determines an initial cash balance, the goal is to find the best compromise policy in terms of cost and risk over the considered time horizon:
subject to X ∈ S, where R(C(X, T )) denotes a general risk function that can be evaluated, for example, as the standard deviation of C(X, T ):
where the arguments of functions C(X, T ) and C t (x t , b t ) are omitted on the righthand side of the equation for ease of notation, or as the upper semi-deviation of cost:
Summarizing, the MOCMP presents the following attributes:
1. It is a sequential decision-making problem with a set of cash balances, a probability density function of cash flows (theoretical or empirically derived from past cash flows), a set of transactions and a multi-objective function of cost and risk. 2. Cost and risk are desired but conflicting objectives that need to be minimized according to the risk preferences of the cash manager. 3. The constraints of the problem are defined by the particular characteristics of the cash management model used. 4. It is a stochastic problem where the user is able to learn from experience.
Based on the previous characteristics, we propose a general procedure to solve the MOCMP by following the next steps:
1. Define the objective functions for cost and risk. 2. Obtain a set of feasible policies evaluated in terms of cost and a risk. 3. Derive an efficient frontier in the cost-risk (C-R) space, i.e., a Pareto efficient set of points where minimum risk can be obtained for any given cost value. 4. Approximate the best compromise policy X * according to the risk preferences of the cash manager.
Firstly, a definition of the objective function is required. A common and intuitive way to optimize a multi-objective function when rewards can be easily translated into monetary value is the use of a linear scalarization function (Roijers et al, ????) . This function may be the weighted sum of the values for each objective (in our case, cost and risk). However, we consider these weights to be unknown in the learning phase. Later, when the selection phase occurs, a policy is chosen among those computed in the learning phase according to the risk preferences of the cash manager. Motivation for this assumption is double: first, we want to avoid the computational burden of minimizing cost and risk for all possible combinations of risk preferences or weights; second, we consider easier and natural a decision-making process where alternative policies are presented before selection, allowing what-if analysis.
Therefore, a compromise programming (CP) approach (Zeleny, 1982; Ballestero and Romero, 1998; Yu, 2013) is applied to optimize the general minimization multi-objective function defined in equation (7). This CP approach is based on the concept of ideal point and on the Zeleny's axiom of choice (Zeleny, 1982) . The ideal point in the MOCMP is the point where both minimum cost and risk occur simultaneously. This point is clearly unfeasible and it is necessary to look for compromise solutions that can be evaluated, for example, computing the distance to the ideal point.
Once the objective function is defined, we obtain a set of available policies evaluated in terms of cost and the standard deviation of the daily cost as a measure of risk. At this point, we are in a position to derive an efficient frontier combining cost and risk with the set of daily policies X, that are not dominated by any other policy. Indeed, in this context, all policies are dominated by the policy with the lowest risk from the cost perspective. Likewise, from the risk perspective, all policies are dominated by the policy with the lowest cost. Graphically, the efficient frontier in the C-R space, is built from a set of two-dimensional points, (C(X, T ), R(X, T )). Here, C(X, T ) is the expected daily cost and R(X, T ) is the risk obtained using policy X over T days.
In the next step, cash managers have to choose a policy from the efficient frontier according to their risk/cost preferences. This is attained through the use of two normalized indexes (Ballestero and Romero, 1998) . First, a cost index θ 1 , defined as:
where C(X, T ) is the expected daily cost over T computed for a particular policy X using equation (6), and C max and C min are, respectively, the maximum and minimum daily cost obtained from the set of values that forms the efficient frontier. Second, a risk index, θ 2 , defined as:
where R(X, T ) is a risk measure computed for a particular policy X over T using one of the previously suggested risk functions, and R max and R min are, respectively, the maximum and minimum values of R obtained from the set of points under consideration. Note that θ 1 and θ 2 range in the interval [0,1], and that the ideal point (θ 1 , θ 2 ) = (0, 0), is clearly unfeasible. However, the closer to this ideal point, the better the solution. From the efficient frontier, a number of useful metrics can be derived to select the best policies according to the particular risk preferences of cash managers. In what follows, a real case study illustrating these concepts is developed.
3 An illustrative example using the Miller and Orr's model In this section, a real case of our multi-objective approach to the CMP using the model proposed by Miller and Orr (1966) is presented using three alternative cost scenarios and two different risk measures, namely, the standard deviation and the upper semi-deviation of daily cost as defined above. This real case uses cash flow data from an industrial Spanish company. The section is divided in five parts: (i) we introduce some background about the Miller-Orr's model; (ii) we derive a normalized cost-risk efficient frontier of cash policies; (iii) risk preferences of are considered to select the best compromise policy; (iv) this best policy will be compared to other baseline policies; (v) two useful metrics are proposed to characterize the cost-risk efficient frontier.
The Miller-Orr's cash management model
The first approach to the CMP considering stochastic cash flows, was made by Miller and Orr (1966) where cash flows are characterized as a sequence of independent and symmetric Bernoulli trials. They supposed that cash balance will either increase or decrease by m dollars with probability p = 1/2. The main assumptions of this approach are independence, stationarity, zero-drift, and the absence of regular swings in daily cash flow. Moreover they ignored shortage and variable transaction costs.
This model sets its policy based on a low bound 1 , l, and a high bound, h, and the cash balance is allowed to wander around between these bounds. When h is reached a withdrawal transfer will be made to restore the balance to a target level of z. In the same way, when the cash balance reaches l, a positive transfer will be made to again restore the balance to z. Accordingly, the transfer occurring at time t, x t , is elicited by comparing the cash balance at the beginning of the day, b t−1 , to the low and high bounds:
By relaxing most of the Miller and Orr's assumptions, below we use their model in order to allow: first, the use of real world cash flow probability distributions; second, the introduction of variable cost of transactions and shortage costs; and third, the selection of the best policy determined by the set of control limits {h * , z * , l * } that minimizes cost and risk, according to the particular risk preferences of cash managers. Note that this problem represents a particular case of MOCMP formalized in Section 2 where the policy X is determined by the control limits {h ≥ z ≥ l} according to equation (12).
The objective is determining the best cash policies based on the minimization of cost and risk. Here, instead of directly solving the general MOCMP as defined in Section 2 by obtaining the set X of daily transfers, we introduce the Miller and Orr's cash management model in the problem. Consequently, we help cash managers to learn the set of control limits {h, z, l} that will ultimately determine the sequence X of daily transfers according to equation (12).
In our case study, we use a data set F ∈ R from a Spanish industrial company composed by 1000 observations of cash flows at non-bank-holidays for a period of about 4 years. Note that cash balances are readily derived from an initial cash balance adding the sum of cash flows up to the day we are interested in. To illustrate our model, we make computations using three different cost scenarios as shown in Table 1 . Firstly, we consider a Low, Medium and High cost scenario with increasing costs selecting values along the lines of those suggested in da Costa Moraes and Nagano (2014). Secondly, we consider that the into-account transaction costs are higher than the from-account ones since costs of obtaining funds are usually higher. And finally, it is important to note that the from-account transaction cost is lower than the holding cost (γ − 1 < v), and that into-account transaction cost is lower than the shortage cost (γ + 1 < u). Otherwise, no transaction would be made since the unitary costs of transferring money are higher than those of holding the same amount of money as shown in Constantinides and Richard (1978) . , in steps of 10000 e, where σ is the standard deviation of cash flows in the data set. Since the number of possible combinations of policies is not high enough to produce unaffordable computational times, we follow a complete search process. Moreover, grid search allows a random simulation of policies and the selection of the best set without setting any constraint. As long as the search is deep enough, meaning a thorough exploration of alternatives, this selection will be closer to the optimal policies. A visual representation of the efficient frontier derived from the results obtained for the Medium cost scenario using the standard deviation as a measure of risk is shown in Figure 1 . Under the CP framework, the closer to the ideal point (0, 0), the better the policy. A sample of the best policies of the efficient frontier from Figure  1 is summarized in Table 2 , where Manhattan distances to the ideal point are computed for each policy. From that, an average cash manager (without defined preferences for risk or cost) would select the policy denoted with id 10 because the distance to the ideal point is minimum. Fig. 1 Efficient frontier in the cost-risk (θ 1 , θ 2 ) for the Medium cost scenario using the standard deviation as a measure of risk
Selecting policies considering risk preferences
In the context of the CMP, risk preferences of the cash managers are worth considering. Recall from Section 2, that the goal is minimizing the multi-objective function in equation (7). In our illustrative example, maximizing utility amounts to minimizing a weighted loss function L(θ 1 , θ 2 ):
where weights, w 1 and w 2 , are used to introduce the cash manager's risk preferences in the problem. For instance, when 2w 1 = w 2 , cost is considered half as important as risk, i.e., risk is twice more important than cost. This is an example of a conservative cash manager. On the other hand, when w 1 = 2w 2 , cost is considered twice more important than risk, i.e., risk is half as important as cost, as it may be the case for a risky cash manager. According to Ballestero and Romero (1998) , risk preferences can be considered by introducing a parameter, r 0 ∈ R + . Translated into the cash management problem, r 0 indicates the number of marginal units of risk, θ 2 , that the cash manager is willing to accept in order to achieve a decrease of one marginal unit of cost, θ 1 . Linking r 0 and (w 1 , w 2 ), if r 0 = 0.5, our conservative cash manager is willing to accept only 0.5 units of risk for each unit of decreased cost, then w 1 = 0.33 and w 2 = 0.67. Moreover, in an attempt to bound the location of the best policy in the normalized cost-risk space when considering risk preferences, it is proven in Ballestero (1998) that the utility optimum lies on the normalized efficient frontier between points L and L ∞ , which are defined as follows: Table 2 Central sample of the efficient frontier from Figure 1 (Id=policy identifier; h=high control limit; z=target balance; l=low control limit; Cost=average daily cost in e; Risk=standard deviation of daily cost in e; θ 1 =cost index; θ 2 =risk index; θ 1 + θ 2 = Manhattan distance to the ideal point (θ 1 , θ 2 ) = (0, 0); and we use r 0 = 0.5). -L is the point minimizing the linear loss function r 0 θ 1 + θ 2 on the normalized efficient frontier. -L ∞ is the intersection of θ 1 = θ 2 with the efficient frontier.
Bounds L and L ∞ , referring here to cash policy performance when less is better, delimit the compromise set that can be taken as a surrogate for approximating the best policies for cash managers with different risk preferences defined by the parameter r 0 . According to this procedure, for a conservative cash manager with r 0 = 0.5, from Table 2 we obtain that bound L = 16 when r 0 θ 1 + θ 2 is minimum, and that bound L ∞ = 9 when θ 1 ≈ θ 2 .
Benchmarking selected policies and risk measures
In this section, we compare in Table 3 the best compromise policy (Id = 10) with three policies in terms of cost and risk for a cash manager without particular preferences for cost and risk. Four different policies were considered: (i) a No-Trans policy with no cash movement which is also used as a baseline for comparison purposes; (ii) a policy derived from a set of bounds obtained from the values proposed by Miller and Orr (1966) with low bound, l = 0; and (iii) a policy derived from a Miller-Orr set of bounds but setting a low bound, l = 2 · σ F , for precautionary purposes as recommended by Ross et al (2002) , with σ F set to the standard deviation of our real cash flow data set F ; (iv) the best compromise policy derived from our multi-objective approach. The comparison yields that the Miller-Orr policy with l = 0 produced the highest cost-risk due to the absence of a low bound. Setting a low bound allowed cash managers to improve the performance of the baseline: for Medium and High costs when using the standard deviation and only for High costs when using the upper semi-deviation. Clearly, the highest cost-risk reductions were achieved using the best compromise policies from our multi-objective approach. Moreover, no difference was found in the selection of best policies when using the standard deviation or the upper semi-deviation as a measure of risk. Since the measure definition is different, the final cost-risk value is also different. However, the best compromise policies selected were the same in both cases due to the small differences observed between the standard deviation and the upper semi-deviation of daily cost. From that, we hypothesize a certain degree of symmetry in the cost random variable, at least enough to produce the same selection of the best compromise policy.
Characterizing the cost-risk efficient frontier
From the analysis of the efficient frontier, a number of insights might be derived. Firstly, in Figure 1 we observe significant discontinuities. This fact can be quantified by computing the elasticity of the efficient frontier proposed by Ballestero and Pla-Santamaria (2004) . Risk elasticity measures the percentage change in risk following a 1% change in cost for two consecutive policies from the efficient frontier. Negative values indicate that risk decreases as cost increases. This amount indicates the magnitude of the risk sensitivity to changes in cost. For instance, in our example, policies 15 and 16 are equivalent in terms of cost but not as much in terms of risk as shown in Table 2 . For the same cost, policy 15 is much riskier than policy 16. Thus, the latter should be chosen. A visualization of the elasticity of the efficient frontier for the Medium cost scenario and using the standard deviation as a measure of risk is shown in Figure 2 . In this figure, risk discontinuities from the efficient frontier can be easily identified. From the cost perspective, changes in cost per unit of risk can be similarly computed. Moreover, we propose the use of a Sharpe-like ratio (SLR) that can be easily computed for each policy as synthetic and quick performance measure. The Sharpe ratio (Sharpe, 1966 (Sharpe, , 1994 was introduced to measure the performance of mutual funds as a reward-to-variability ratio. Since high reward and low variability are desired objectives, the higher the Sharpe ratio the better. Its utility is based on the combination of two goals in a single figure. Likewise, here we import this concept and propose a Sharpe-like ratio that synthetically measures cost and risk in one single figure. We define the SLR as the geometric average of both cost and risk of each policy:
where θ 1 and θ 2 are normalized indexes. Normalization is necessary to avoid bias towards attributes. In this case, normalization is done by dividing cost and risk by their respective averages to avoid the problem of close-to-zero values in the extremes of the efficient frontier. For comparison purposes, the lower the SLR the better the policy. By combining cost, measured by the average, and risk, measured by the standard deviation, in the SLR, cash managers are able to estimate the global performance of the policy in just one single value. For instance, consider two policies X 1 and X 2 , characterized by mean values 20 and 25, and standard deviations 4 and 2 respectively. Even though policy X 1 presents a lower cost, a quick and simple computation shows that policy X 2 is a better choice because SLR(X 1 ) > SLR(X 2 ). From that, when comparing a reduced number of policies, the SLR provides a rapid performance estimator, likewise the Sharpe ratio does when comparing, for example, two mutual funds.
Furthermore, we propose a more refined version of the SLR to incorporate risk preferences of cash managers by means of a set of weights. In general, given the cash manager's cost and risk preferences expressed as weights w 1 and w 2 , such that 0 ≤ w 1 , w 2 ≤ 1, with w 1 + w 2 = 1, we define the Weighted Sharpe Like Ratio (WSLR) of policy X as:
Note that when w 1 = w 2 , the cash manager has no preference and expressions (14) and (15) are equivalent. Figure 3 shows the WSLR for the Medium cost scenario and using the standard deviation for different pair of weights. Recall that the higher the value for w 1 the higher the preference for risk of the cash manager. Our case study is characterized by a clear decreasing trend up to policy 10, from which a horizontal evolution, in terms of the WSLR value, is observed regarding the rest of policies. This fact indicates that the policies ranging from Id 10 to 32 exhibit a stable behavior, in terms of the WSLR value, when varying a cash manager's preferences. A closer look at the particular policies shows that this reduced average risk is associated to policies with higher control limits, producing higher cash balances but reducing the probability of an overdraft. Fig. 3 Weighted Sharpe-like ratio for different risk preferences and each of the policies. In the Risky case, w 1 = 0.8, w 2 = 0.2, in Neutral, w 1 = 0.5, w 2 = 0.5, and in Conservative,
An interesting property can be derived from the analysis of the WSLR plot for different weights as shown in Figure 3 . The existence of policies, around policy 10, where the WSLR value is almost equal for any particular risk preference of the cash manager. Such a preference-neutral policy is characterized by similar values of θ 1 and θ 2 and is directly linked to the efficient frontier and the increasing diagonal in the normalized cost-risk space presented in Figure 1 . There exists a line-topoint correspondence between the diagonal in the normalized cost-risk space and the preference-neutral policy. Policies in this diagonal are insensitive to the risk preferences of the cash manager. Hence, the following proposition characterizes and links preference-neutral policies to the normalized cost-risk space.
Definition 1 A policy X characterized by normalized cost and risk indexes θ 1 and θ 2 , is preference-neutral to risk preferences w 1 and w 2 with respect to the utility function L, iff for every w 1 , w 2 ∈ [0, 1] such that w 1 + w 2 = 1, we have that L(θ 1 , θ 2 , w 1 , w 2 ) = k for some k ∈ R, i.e., the utility function is constant.
Proposition 1 A policy X whose normalized cost and risk indexes θ 1 and θ 2 satisfy that θ 1 = θ 2 is preference-neutral to the arithmetic, geometric and harmonic weighted average utility functions and its utility is θ 1 .
Proof Since θ 1 = θ 2 and w 1 + w 2 = 1, in the case of the arithmetic mean:
For the geometric mean, such as the WSLR presented above:
[θ w 1 1 · θ w 2 1 ] 1/(w 1 +w 2 ) = θ w 1 1 · θ 1−w 1 1 = θ w 1 +1−w 1 1 = θ 1 (17) and for the harmonic mean:
which is constant in all three cases and independent of the risk preferences w 1 and w 2 .
A final useful remark on the elasticity and Sharpe-like ratio measures is appropriate. Not only they provide a useful characterization of an efficient frontier for different risk preferences, but they also allow comparing different cash management models and different cost structures. To this end, cash managers can plot the elasticity and WSLR curves for each model under comparison.
Conclusions
In the cash management problem, cash managers must control the amount of risk that their company take. Here, we propose a new method that differs from previous cash management approaches by considering risk and cash managers' risk preferences. Although different approaches to measuring risk have been proposed in the literature, standard deviation has been a dominating risk measure in finance. Along this direction, we propose a multi-objective model to minimize cost and risk in cash management that can employ either the standard deviation or the upper semi-deviation of cost as a measure of risk.
By relying on compromise programming, the best set of non-dominated policies in terms of cost and risk is presented to cash managers to be selected according to their particular risk preferences. Moreover, several examples using a real cash flow data set are given for three alternative cost scenarios and two different measures of risk, namely, the standard deviation and the upper semi-deviation of daily cost. Our empirical results show that the policies derived from our cash management model outperformed three different baseline policies: a No-trans policy, a Miller-Orr policy with low level set to zero, and a Miller-Orr policy with low level set to two times the standard deviation of historical cash flows. It is important to highlight that our cash management model produced the very same best compromise policies for the two risk measures that we considered, the standard deviation and the upper semi-deviation of daily cost.
Finally, we also provide cash managers with further insights in the evaluation of cash policies through elasticity plots and a weighted Sharpe-like ratio. More precisely, elasticity plots point out the magnitude of risk changes, which are not captured in the normalized cost-risk space. On the other hand, the Sharpe-like offers a rapid performance estimator to compare a reduced number of policies, similarly to the way the performance of mutual funds is compared. An interesting property of this ratio is the preference-neutrality of policies with the same cost and risk indexes.
Cash managers have now new management tools to control the amount of risk they take in their decision-making processes. Both less uncertain and more stable policies can be selected by using the proposed expected performance analysis. In this sense, further research is required to consider more complex cost functions and to explore the utility of forecasts to further reduce the uncertainty associated to cash management.
